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Qs ' We find necessary and sufficient conditions for a Riemannian four-dimensional mani- 

PsJ , fold (M, g) with anti-self-dual Weyl tensor to be locally conformal to a Ricci-flat manifold. 

These conditions are expressed as vanishing of scalar and tensor conformal invariants. The 

invariants obstruct the existence of parallel sections of a certain connection on a complex 

rank-four vector bundle over M. They provide a natural generalisation of the Bach tensor 

O ' which vanishes identically for anti-self-dual conformal structures. We use the obstructions 

D ■ to demonstrate that LeBrun's anti-self-dual metrics on connected sums of CP^s are not 

j^, ', conformally Ricci-flat on any open set. 

We analyze both the Riemannian and the neutral signature metrics. In the latter case 

we find all anti-self-dual metrics with parallel real spinor which are locally conformal to 

^ ' Einstein metrics with non-zero cosmological constant. These metrics admit a hyper-surface 

^^ I orthogonal null Killing vector and thus give rise to projective structures on the space of 

1^^ ■ /3-surfaces. 

^ ■ 1 Introduction 

m 

Let (M, g) be a Riemannian four-manifold, and let Cabcd and Rab be respectively the Weyl 
tensor and the Ricci tensoio of g. The field equations of conformal gravity are the vanishing of 
L^ . the Bach tensor 

^: Bbc=(v^V''-'^R^'') Cabcd. 

These equations arise from the action given by the squared norm of the Weyl tensor. They are 
invariant under the conformal rescallings of the metric gab -^ ^"^Qab^ and are fourth order PDEs 
in the metric coefficients. 

The condition Bbc = is necessary for the metric g to be conformally related to a Ricci-flat 
metric |191 [26l [H |15]. This condition is far from sufficient, and in any signature there exist 
metrics which are Bach- flat but not conformal to vacuum (see, e. g. [23] and [23]). In [25] 
(see also p!]) it was demonstrated that imposing a simple Neumann boundary condition selects 
Einstein metrics out of other solutions to the Bach-flat condition. One can instead look for 
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^We use the abstract index notation [29]. Tensors with upper/lower indices a,b,- ■ ■ = 1, . . . , 4 are sections 
of powers of tangent/contanget bundle. We employ the summation convention, so |X| = gatX'^X denotes 
the squared lengh of a vector X" . The isomorphism TM (g) C = S C>§ S' identifies a vector index with a pair of 
spinor indices a = AA' , where A,B,- ■ ■ — 0,1 and A' ,B' ,■ ■ ■ = 0,1. The anti-self-dual Weyl tensor Cabcd has a 
spinor decomposition Cabcd = TpABCoeA'B'^c'D', where tjjabcd = i>(ABCD) is a section of Sym''(§), and e is a 
symplectic stucture on S'. 



additional local obstructions to the existence of a Ricci-flat metric in a Bach-flat conformal class 
[g]. If the Weyl curvature of [g] is algebraically general, then [g] contains a Ricci-flat metric iff 
the Eastwood-Dighton tensor vanishes, i. e. Eabc = 0, where 

Eabc '■= i^ABCD^ i^A'B'C'D' — i^A'B'C'D'^ '^ABCD, 

and tpABCD and ipA'B'C'D' are anti-self-dual (ASD) and self-dual (SD) Weyl spinors respectively. 

If the Weyl tensor of [g] is anti-self-dual then both Bab and Eabc vanish identicalljo. There- 
fore any conformally ASD metric is a solution to the conformal gravity equations. In this paper 
we find necessary and sufficient conditions for a four-dimensional manifold (M, g) with anti-self- 
dual Weyl tensor to be locally conformal to a Ricci-flat manifold. These conditions are expressed 
as the vanishing of one scalar invariant, and one rank- two tensor invariant constructed from the 
Schouten tensor, the conformal curvature and its covariant derivatives. The invariants obstruct 
the existence of parallel sections of a certain connection on a natural rank-four complex vector 
bundle E = S(BS' over M, where S and S' are complex rank-two symplectic vector bundles (the 
spin bundles) over M arising from the canonical isomorphism TM CE) C = § (8) S'. Such local 
obstructions arise because the conformal to ASD Ricci-flat problem leads to an over-determined 
system of PDEs ([ISD of finite type [5]. 

In Proposition 12. II we shall establish a one-to-one correspondence between Ricci-flat metrics 
in an ASD conformal class, and parallel sections of a connection T> on E given by 

\a J \Va + TTJP J ^ ^ 

Here V is the spin connection on S and S' induced by the Levi-Civita connection, Pab = 
{l/12)Rgab — {l/2)Rab is the Schouten tensor, e and e' are symplectic structures on S and 
§' respectively such that g = e®e' , and tt G r(S'), a G r(§). Finally J is denotes a contraction 
with a section of S'. The connection P will arise as a prolongation connection for the twistor 
equation (j2.8p . 

We shall analyze both the Riemannian and the neutral signature metrics. The emphasis is 
on the Riemannian case, where the complete characterization of conformal to vacuum condition 
can be achieved by constructing a rank-two tensor Tab on M which is conformally invariant, i.e. 
T ^ T when g — )• il^f?, and vanishes for ASD metrics conformal to vacuum. To formulate our 
main result define V G T{T*M) by 

Va = TT^C ^ a^'^Cbcde, (1-2) 

where |C|2 = CabcdC '''''''. 

Theorem 1.1 Let g he a Riemannian metric with anti- self- dual conformal curvature. Then the 
conformal class of g contains a Ricci-flat metric if and only if 

4V^acdeV/C^^'^^-|yp|C|2 = (1.3) 

and 

Tab := Pab + V,Vb + VaVb - ^\V\^gab = 0. (1.4) 



^The vanishing of Eabc is obvious, as the iPa'b'C'd' = 0. The Bach tensor is equal to 

Bab = 2{V'^A'^''B'+^'^°A'B')i'ABCD 

= 2(V^'aV°'s+$''''''as)V'a'b'C'd', 
where ^aba'b' is the traceless Ricci spinor. Thus Bab = in both SD and ASD cases. 



The scalar invariant (jl.3j) will be constructed in Section [3] (Proposition I3.2p as the determinant 
of a four by four matrijcl whose kernel contains a parallel section of P. The tensor p.4p will 
be constructed from a covariant derivative of the curvature of D in Section HI where we shall 
prove Theorem (jl.ip . We shall also show that D is a solution to the anti-self-dual Yang-Mills 
equations on M, and thus, by Ward's twistor transform [30j, it corresponds to a rank-four 
holomorphic vector bundle over the twistor space of {M,g). 

In Section [5] we give several examples of ASD conformal structures without Ricci-flat metrics 
in a conformal class. For example, we show (Theorem I5.ip that LeBrun's metrics on connected 
sums of several copies of CP s are not conformally Ricci-flat on any open set. We also show that 
the Taub-NUT metric with negative mass is contained in a conformal class of a limiting case of 
LeBrun's scalar-flat Kahler metric on a line bundle over CP with negative Chern number. 

In Section [6] we shall characterize the anti-self-dual metrics in neutral signature which admit 
a parallel real spinor and which are locally conformal to Einstein metrics with non-zero cosmo- 
logical constant. These metrics admit a hyper-surface orthogonal null Killing vector and thus 
give rise to projective structures [H] on the space of /3-surfaces. 

Acknowledgements. We are grateful to Gary Gibbons for helpful discussions. 

2 The twistor equation 

Let g he a (pseudo) Riemannian metric on an oriented four-dimensional manifold M, and let 
[g] = {Q,'^g\Q, : M — )■ M"*"} be the conformal class of metrics containing g. We shall assume that 
the Weyl tensor of g is anti-self-dual, i.e. 

The ASD property is conformally invariant, so the Weyl tensor of any metric in [g] is also ASD. 
If the signature of g is Lorentzian, then (if [g] is ASD) the Weyl tensor is necessarily zero and 
the conformal class [g] is flat. Therefore from now on we shall assume that the signature of g is 
Riemannian, or neutral. 

Riemannian signature 

In the former case locally there exist complex rank two vector bundles S and S' over M equipped 
with covariantly constant symplectic structures e and e' such that 

C (g) TM ^ S (g) S' (2.5) 

is a canonical bundle isomorphism, and 

g{vi (S>wi,V2 (^1^02) = e{vi,V2)e'{wi,W2) 

for t'i,f2 G r(S) and wi,W2 £ r(§'). We use the conventions [29] where the spinor indices 
are capital letters, unprimed for sections of S and primed for sections of S'. For example ha 



'Using the spinor notation we would define W € r(§' ® Sym^(S)) and V € r(r*M) by 

Wa'ABC = '^A' IpABCD, VaA' = YJTy'^A ^A-'^pBCDE, 



where 4'abcd is the ASD Weyl spinor. The scalar invariant (|1.3|) then takes the form 

2|H^|^-|V'|^|V|^ = 0. 
We note that the LHS proportional to the total square of the Bailey-Eastwood invariant [3]. 



denotes a section of S*, the dual of S, and u a section of S'. The symplectic structures 
eAB and eA'B' (such that eoi = eo'i' = 1) are used to lower and raise the spinor indices by 
//A := fJ-^^BA,!^^ = i^^^i-B- In the Riemannian signature the complex conjugation maps S' 
(respectively S) to itself by tta' = (p, q) -^ t^\i = {—Q,p) so that the square of the conjugation is 
minus the identity endomorphism. Thus there is no invariant notion of real spinors in this case. 

Neutral signature 

If the signature of (M, g) is neutral there exists a notion of real spinors, and the decomposition 
of the tangent bundle takes the form 

TM = S (g) S', 

where now S and S' are real rank-two symplectic vector bundles. One can of course also introduce 
the complex spinors (|2.5|) and define the fibres of the real spinor bundles as fixed sets of the 
conjugation tta' = ip,q) — ^ vta' = {p,q)- We shall slightly abuse notation and denote the 
complex and real spinor bundles by the same symbols. 

Curvature decomposition and conformal transformations 

The spinor decomposition of the Riemann tensor of g is 

Rabcd = '^ABCD^A'B'f-C'D' + ^A'B'C'D'^AB(-CD 

+^ABC'D'(^A'B'(-CD + ^ A' B'CDf-ABf^C'D' 

+2A{eAC^BD^A' B' ^C D' — ^AB^CD^A'D'^B'c), (2-6) 

where ipABCD and ipA'B'CD' are ASD and SD Weyl spinors which are symmetric in their indices, 
^A'B'CD = ^{A'B')[CD) is the traceless Ricci spinor and A = i?/24 is the cosmological constant. 
The spinor Ricci identities 

V^(A'VB/)AaB + ^A'B'ABa^ = 0, (2.7) 

V {A^ B)A'liB' + ^A'B'AbP = 0, 

^^\a^ B)A'OLC + TpABcna^ - 2Ka(^A^B)c = 0, 

V {A'^ B')aPc' + i'A'B'C'D'fi - 2Kfi(^ji^ieB>)C' = 0) 
hold for any a G r(S) and /3 G r(S')- 
Under the conformal rescaling 

9ab = ^ 9ab 

we have 

^AB = "CAB, e = iZ e 
and 

i^ABCD = i'ABCD, V^^^^^ = f^'V^^^^ 

with analogous formulae for primed spinors. Setting T^ = ^^^V a^ we also find 

'^ A'B'4^CDEA = ^A'BtpCDEA 

-TA'ci^BDEA - '^A'DlpBCEA - '^A'ElpBCDA - '^A'AlpBCDE- 

The Ricci spinor does not have 'nice' conformal properties, but its modification (known as the 
Schouten tensor) 

PabA'B' = '^ABA'B' - ^^AB^A'B' 



transforms as 



Pab = Pab - VaTb + T.Tfe - ^9afeT,T^ 



The t^vistor equation 

Our first result is a characterisation of conformal classes containing Ricci-flat metrics in terms 
of solutions to the valence one twistor equation. The following Proposition applies to both 
Riemannian and neutral signatures. 

Proposition 2.1 A metric g with ASD conformal curvature is conformal to a Ricci-flat metric 
if and only if there exist two linearly independent solutions to the twistor equation 

^^AiA'TTB') = 0. (2.8) 

Proof. First assume that g is conformally equivalent to a Ricci-flat metric g = ^"^g, where Q, 
is a non-zero function on M. Therefore the Riemann tensor of g is anti-self-dual and thus the 
spinor connection on S' is flat. Therefore there exists a basis of covariantly constant spinors, 
say if A' and /x^/, on §'. The twistor equation is conformally invariant: if ttai = Qttai then 
^A{A'^B') = ^^A{A''^B')- Thus (vTA'j/^A') is a pair of linearly independent solutions to ()2.8p . 

Conversely, assume that g admits two linearly independent solutions to (j2.8p . The condition 
(j2.8p is equivalent to 

Vaa'TTb' = eA'B'^A (2.9) 

for some section aA of S. Given a solution, recall the conformal transformations: 

gab = ^'^gab, VTA' = f^VTA', OA = "A + TaC'Tt'^ , (2-10) 

where Tq = Q~^Va^- Thus if ipA'B'C'D' = and g is conformal to vacuum, there will be a 
two-dimensional vector space of solutions to (j2.9p . This will turn out to be sufficient as well. 
To see it commute derivatives on (|2.9I) to deduce 

"^AA'OB = -Paba'B'7^^' , (2.11) 

where 

PabA'B' = ^ABA'B' — ^^AB^A'B' 

is the Schouten tensor. Now commute derivatives on (j2.1ip . From ^^ (a''^ B'^b'^a we get an 
identity after using the Bianchi identities 

^ [A'^ B')C' AB + '^ B{A'J^^B')C' = 0) 

which in turn uses the vanishing of the SD Weyl spinor. However from V (a^b)A'Q^C we obtain 
a condition: 

^ABCoa^ - Vf>Bc)A'B'^^' = 0. (2.12) 

This can be rewritten using the Bianchi identity as 

^ABCDOi^ - VA'i^ABCFTT^' = 0. (2.13) 

This is a set of four linear equations in four unknowns and so has a solution provided the 
determinant of the associated four by four matrix is zero. We shall investigate this determinant 
condition in the next Section. To justify the claim of sufficiency, suppose (tta', a^) and (;Ua', /3a) 
are two linearly independent solutions of ()2.9p and ()2.1ip . Provided the inner product is nonzero 
(which readily follows from linear independence) introduce 

J7 = (vTA'^^V^ (2.14) 

Then 

-fi^^aO = -KA'PA - l^A'OLA = -r^^^Ta, 



and differentiate again 

Now notice that 
to conclude that 

i.e. g is conformal to vacuum. 

D 

In the real Riemannian case it is enough to have one solution of (12. 9p as the Hermitian 
conjugate then gives another. In the neutral case, where the signature of g is (2, 2) there is an 
invariant notion of real spinors and ()2.8p may have only one solution. We shall analyze this 
situation in Section [6l 

3 Minors, determinants and the necessary conditions 

Set Wa'abc = ^A' ''pABCD and consider the 4 by 4 matrix 



7^ 



/ V'oooo V'oooi -^o'ooo -W^i'ooo \ 

^0001 V'OOll —Wqiqqi —WvQQi 

V'OOll V'Olll -Wqiqu -WvQii 

\ V'oiii V'liii -W^o'iii -Wviii J 



(3.15) 



Equation (j2.13p can be written as 7^ ^ = 0, where ^ = (q , a , vr ,it ) =0. We find 

det(7^) = |V|'|VF|2-2V^^^G^VABC/fVF^'^''^W^A'i?FG (3.16) 

= l|^|2(2|H^|2_|^|2|y|2)=o, 

where Va = 2|'(/'|~^V'A Wa'bcd, or equivalently in the ASD case, Va is given by (|1.2p . Propo- 
sition 12.11 implies that the determinant (I3.16P must vanish for ASD conformal structures con- 
taining a Ricci-fiat metric. To have two linearly independent solutions the matrix TZ must have 
rank at most two (we shall deal with the rank one case in Proposition 13. 3p . For that we need 
all sixteen 3 by 3 minors of 7^ to vanish. Eight of these are 

Ka'ABC ■■= H?Wa'ABC - 2ll>^^^^i^ABCHWA>EFG = 0- (3.17) 

These are the Bailey-Eastwood invariants [3j. They can be derived directly from ()2.13p : solve 
it for a to find a = V a'T^ j and substitute it back to (j2.13p . This gives a linear constraint 
Ka'ABC^^ = on the initial data for the twistor equation. The data should be specifiable 
freely, so (I3.17|) follows. 

The eight remaining minors are 

LaBCD ■■= \W\^i^ABCD - 2i;EFGDW^'^^^WA'ABC = 0. (3.18) 

Note that the RHS is a section of (S S S) S. Using 

Sym3(C2) C^ = Sym^(C^) © Sym^(C2), 



and Sym (C^) = C "'"^ we can decompose the invariants (|3.18p in the representation theoretic 
way into 5+3 irreducible conditions 

Sabcd ■= Lf^ABCD) = 0, Nab ■= i>EFG W Wa'abd = 0. 

So we have proved 

Proposition 3.1 Necessary conditions for an ASD conformal class to contain a Ricci-flat met- 
ric are ^3.17\ ) and Ii3.18\) or 

K = S = N = 0. 

All these conditions are third order in the metric. 

The spinor conditions from Proposition (|3.ip correspond to tensors: 

Nab = NaB^A'B', Kahc = —^Ka'ABC^B'C 

and Sabcd = SABCD^A'B'ecD' where 

Kabc = \C\ V Cabcd — 4C"^-' ^ Cabch^ ^efgd-, Nab = C^"^^ V^CpgcdV^ Cfeab- 

Finally we verify by explicit calculation than the scalar invariant p.l6p is proportional to the 
spinor (or tensor) norms of both -fCyi'ABC and Labcd'- 

IKI"^ = iV^l^det (7^), |L|2 = |VF|^det (7^). 

3.1 Riemannian signature 

We shall now consider the Riemannian signature and show that in this case all 3 by 3 minors 
from Proposition (13. ip vanish identically if det(7^) = 0. Equivalently, we shall show that if rank 
TZ is smaller than four, then it is at most two. It will then follow from Proposition 13.31 that 
if det(7^) = 0, the signature of g is Riemannian, and g is not conformally flat, then rank TZ is 
exactly two. 



Proposition 3.2 In the Riemannian case the sixteen conditions Iji3.17\ ) and 113.18]} hold identi- 
cally if det{n) = 0, i. e. if (TOg)) holds. 

Proof. Set 

V'O = 0^0000, V'1=V'0001, 02 = V'OO11, ^"3 = ^0111, "^4 = -^1111- (3-19) 

We can chose a basis of § which consists of a spinor together with its Hermitian conjugate, and 
do the same for S'. The Riemannian reality conditions on spinors then yield 

V'S = -■01) "04 = ■00, ^02 = ^02 

and 



W^O'OOO = W^l'lll, ^O'OOl = -W^l'llO) W^o'oii = W^i'ioo, W^o'iii = -W^i'ooo- 
Set 

WQ = -PVo'OOO, Wi = -Wo'OOl, W2 = -Wo'Oll, '"^3 = -W^o'iii- 

It is always possible to perform an SU{2) rotation on S to chose the unprimed spin frame (a 
basis of S) such that Vo = 0, and perform an independent SU{2) rotation of S' to chose the 
primed spin frame (a basis of S') such that VFq'ooo = 0. Then 



n 



( ° 


0^1 





-W3 \ 


V'l 


0^2 


Wl 


W2 


■02 


-0^1 


W2 


—Wl 


\ -0-1 





W3 


/ 



(3.20) 



and the determinant is a sum of two non-negative numbers 

det(7^) = IV'i i^i + ■01 wsl"^ + \'ip2 w^ + ipi tt;2p. 

This vanishes if and only if four real quadratic conditions (which we write as two complex 
equations) hold 

Ipl Wi +tpiW3 = 0, 02 Ws + ■01 1«2 = 0. (3-21) 

We verify by explicit calculation that vanishing of these four quadrics is equivalent to the van- 
ishing of the sixteen cubics which give the minor conditions ()3.17p and ()3.18p . 

D 

3.2 Neutral signature 

Vanishing of (j3.17p and ()3.18p guarantees that the rank of the matrix TZ is at most two. Now we 
shall consider the rank-one case, and show that in this case the signature of g is necessarily neu- 
tral, and the conformal curvature is of type A^, i.e. the homogeneous quartic tpABCDZ z^z'-" z^ 
has a root of multiplicity four 



Proposition 3.3 Let TZ be the four by four matrix ^3.15\) . If rank (TZ) = 1 then the signature 
of g is (2, 2) and the ASD Weyl tensor is of type N . 

Proof. Assume that rank (7^) = 1. In this case the first two columns of TZ have to be linearly 
dependent. Therefore 

01 = A-00, 1p2 = A01, 03 = Xlp2, 04 = A03, 

and, using oa, iA as a basis of A(S*), 

IpABCD = (l^Al'Bt'Cl^D - '^^'^{A'^BI^COd) + 6A^t(^iBOcO^) - 4A^t(^OBOcO£)) + A^oaobocod)^0o- 

Now change the spin frame by la = i-A — Xoa-,oa = oa so that ^jabcd = ^^'A^b^c^d V'Oj and 
the ASD Weyl spinor is of Petrov-Penrose type A^. This can only happen in signature (2, 2). 
In Riemannian signature the roots of the Weyl quartics are distinct, or come in two pairs of 
repeated roots (type D). 

U 

This result combined with Proposition 13.21 gives the following 

Corollary 3.4 Let g be a Riemannian metric with ASD conformal curvature which is not con- 
formally flat, and such that det {TZ) = 0, where TZ is given by \3.15\) . Then rankiTZ) = 2. 

4 Tractor curvature and sufficiency conditions 

The conditions K = Q and L = 0, given by ()3.17p and ()3.18p are clearly necessary for the 
existence of a Ricci-flat metric in the ASD conformal class. They are however not sufficient, and 
in this Section we shall establish the sufficiency conditions in the Riemannian signature. Our 
method follows the approach of [6] to the metrisability problem in projective geometry. Let us 
recall that the necessary conditions arise from imposing a rank-2 condition on a four by four 
matrix TZ given by (J3.15P . If the rank of this matrix is two (which in the Riemannian signature 
is guaranteed by the vanishing of the determinant (j3.16p - see Corollary 13. 4p then the linear 
system of equations (I2.13P admits two linearly independent solutions. We do however need to 
make sure that these solutions satisfy the linear system of PDEs ()2.9p and ()2.1ip . To do this. 



we differentiate (j2.13p covariantly, and eliminate tlie derivatives Vvr, and Va using (j2.9p and 
(j2.1ip . This leads to more linear homogeneous equations on (aoi ctii^o'i ^i')- These equations 
must be satisfied identically as a consequence of (|3.17p and (j3.18p (or, in Riemannian signature 
as a consequence of (13. 160 ) as otherwise there would be more than two independent equations 
on four unknowns, and two independent solutions to (j2.9p and (j2.1ip would not exist. This, by 
Proposition 12.11 would imply that the ASD conformal structure does not contain a Ricci-flat 
metric. 

In the construction below we shall first reformulate (|2.9p and (|2.1ip in terms of a connection 
on a rank four vector bundle over M, and then implement the differentiation procedure/adding 
new homogeneous equations in terms of restrictions on the holonomy of this connection. More- 
over we shall restrict ourselves to Riemannian signature, as there the analysis of the sufficiency 
conditions is particularly simple: if the necessary conditions hold then the rank of the matrix 
()3.15p is two, so there are exactly two independent conditions on vr^/ and aA- If one differ- 
entiation of (j2.13p does not give new conditions (which will be the case if the obstructions 
from Theorem 14. ip vanish) , then the rank of the matrix constructed by all homogeneous lin- 
ear constraints is still two. This means that no new conditions would be added by subsequent 
differentiations, and we can stop the process of adjoining equations. The space of solutions to 
(j2.9p and (j2.1ip is then, by the Frobenius theorem, two-dimensionao 

Using the method outlined above we shall establish 

Theorem 4.1 Let g he a Riemannian metric with ASD conformal curvature. Then the con- 
formal class of g contains a Ricci-flat metric if and only if det{TZ) given by Ii3.16\) vanishes, 
and 

'^E'EABCoy A' - Qabcee'A' = 0, (4.22) 

wher e Wa'ABC = ^ A''^'iI^abcd,Vaa' = '^\M~'^'^a^^^Wa'bcd, and (5,9) are given by U.21\ 
\4-28^ respectively. 

Before giving a proof of this result, we shall develop some formalism. Consider a rank-four 
complex vector bundle over E ^ M 

E = SeS' (4.23) 

with sections ^a which under conformal rescalings of the metric transform like ^a — ^ ^a, where 

\ aA J V "^ + ^AB'-n-^ J 

Our approach is very much in the spirit of [2J, so following the terminology used in this reference 
we shall call E a tractor bundle, and refer to its sections as tractors. Define a derivative D on 
this vector bundle by 

V ^AA'aB + Paba'B'T^ J 

The conformal transformation properties ()4.24p of the tractor, and the form of the connection 
(j4.25p resemble that of the local twistor transport |29j , but dual twistors which puts the theory 
in a rather different context. 

Proposition 4.2 There is a 1-1 correspondence between non-zero parallel sections of the con- 
nection ( (^.^5[ ) on a bundle E over a Riemannian four manifold (M, g) and Ricci-flat metrics in 
an ASD conformal class [g]. The curvature of li4-25\ ) is an ASD Yang-Mills field on {E,M). 

^The analysis would not be so simple if we allowed neutral signature, as then the rank of the matrix (|3.15|) 
could be one if [g] were of type A'' as in Proposition l3.3l The rank could then go up to two after one differentiation, 
and we would need to differentiate once more to ensure that the rank does not increase. Thus, in the neutral 
signature case the sufficient conditions are given by expressions which are third order in the conformal curvature, 
and so fifth order in the metric. 



Proof. The first part of tlie Proposition is an immediate consequence of Proposition 12.11 and 
the form of the system (|2.9p and (|2.1ip . 

We now calculate the curvature of the connection ()4.25p from the general formula 

V[^Va]^p = llZca^^'^S = ( I D ^.. D' ) 

^ ^ 2 '^ V i^CABDa ecA' - Wd'abC^ ^c'A' J 

and find that it is anti-self-dual on the first pair of indices. This should be contrasted with 
the result of Merkulov [26], where the Bach equations are shown to arise as full Yang-Mills 
equations on a connection on E. 
More explicitly we obtairO 

TlcaP = (-CA'TlcAp + (^CaTIcA'P 

where TZc'A'p = 0, and 

TlcAB' = 0, TlcAB = WcAB , TlcAB' = 0, TZcAB = i'CAB ■ 

D 

We have therefore deduced that iI^abcd and Wa'abc a^'e components of the tractor curvature. 
We can thus identify the 4 by 4 matrix (j3.15p in the system (j2.13p with the tractor curvature. 
We shall now prove Theorem 14. H and find conditions which guarantee that the tractor (vr^/, q/^) 
can be chosen arbitrarily at a point p in M and propagated parallelly with no obstructions to 
all points in a neighbourhood of p. 

Proof of Theorem 14.11 We differentiate the four equations ()2.13p and use the parallel 
condition on sections T>^ = to produce a sequence of algebraic matrix equations 

7^* = 0, (P7^)* = 0, (v^n)^ = o, . . . , 

where TZ is the four by four matrix (j3.15p . We stop the process once the differentiation does not 
produce new equations. This, in the Riemannian signature, happens after just one differentia- 
tion. The rank of TZ is two if the necessary conditions K = and L = from Proposition 13.21 
hold. This, in Riemannnian signature, is equivalent to the condition ()1.3p - we have shown it in 
Proposition 13.21 The rank should not go up, or the dimension of the solution space is smaller 
than two. Therefore all 3 by 3 minors of the 4 by 20 matrix {TZ, DTZ) have to vanish. If they do, 
then we do not need to differentiate any more, as subsequent derivatives would only reproduce 
the homogeneous equations 7^^ = 0. Thus vanishing of the minors will give the sufficiency 
conditions for the existence of a parallel section of T>. 

To construct the minors explicitly differentiate (|2.13p and get rid of the derivatives using 
(|2.9p and ()2.1ip . This will give a system of equations T>TZ = 0. The result is 

'^E'EABCoa - Qabcee'A'T^ = 0, (4.26) 

where 

"^E'EABCD = ^ E'Ei^ABCD — We' ABC ^DE, (4.27) 

and 

Qabcee'A' = iPabcdP ee'A' + ^ ee'Wa'abc- (4.28) 



^The tractor bundle indices a, /?, • ■ • = 1, . . . , 4 are identified with the spinor indices via the isomorphism (|4.23p . 
Using the abstract index notation we write a = A-\- A' . The vector indices a,b,- ■ ■ — 1, . . . , 4 are identified with 
the spinor indices by (|2.5|) . i. e. a = AA' . 



10 



Consider a combined system of linear homogeneous equations (j2.13p and (|4.26p . Only two 
equations in (|2.13|) are independent as we are assuming that the necessary conditions from 
Proposition 13.11 hold. We solve these two equations for oa = Vaa'T^ ■, where Vaa' is given by 
()4.29p . and substitute a a into the remaining equations ()4.26p which we insist hold identically. 
This gives vanishing of the obstruction ()4.22p . 

D 

4.1 Main theorem 

The sufficiency conditions ()4.22p are expressed as vanishing of a section of 

Sym3(S)®S(» §'(»§'. 

A general section of this bundle has 32 independent components, and it is not clear from the 
proof of Theorem 14.11 which of these components are independent. In this Section we shall 
establish our main result and show that vanishing of the 32 conditions (j4.22p is a consequence 
of vanishing of one rank- two tensor on M. 

Multiplying dUSD by ^abce and using ^abcd^^^^^ = (1/2)|V'P-5d^ we find 

A' 

a A = Vaa'T^ , 



with 

VaA' = J^A^^^^A'^BCDE, (4.29) 

and / = il^^^'^'^ipABCD assuming / 7^ (which is always the case in Riemannian signaturqj). 
Note that (j4.29p is the spinor form of ()1.2p . Now (j2.9p becomes constancy in a modified con- 
nection: 

DaA'T^B' '■= ^AA'T^B' - ^A'B'yAC^ , 

with Vaa' as in ()4.29p . We extend this connection to a connection on unprimed spinors so that the 
resulting connection on vectors is torsion-free. For g to be conformal to vacuum this connection 
must be flat, as only then the initial data tta'Ip at a point can be parallelly propagated. This 
leads to a set of conformally invariant obstructions summarised in Theorem 11.11 

Proof of Theorem ll.il The necessity of ()1.3p was shown in Proposition l3.1l and Proposition 
K2\ Note that ([L3]) is the tensor form of (|3J6]l . 

Contracting Vaa'''^b' = ^A'B'^AC''^'^ with V"^ b and using the spinor Ricci identities yields 

[Paba'b' + ^aa'Vbb' + Vba'Vab'jt^ = 0. 

This puts constraints on the initial data for Daa'T^B' = unless the expression in bracket 
vanishes. This is true, as long as t:b> 7^ 0, so we require that ()3.16p (or equivalently (jl.Sp ) holds. 
Rearranging the unprimed indices in Vba'^AB' gives 

Tab = 0, (4.30) 

where Tab is given by (II. 4p . and in particular 

V[,Vb] =0, 4A = V^K - V'Va. 

To prove the conformal invariance of (I4.30p use the rules of conformal covariant differentiation 
of spinors with 'ipABCD = ipABCD 

^ AA'ipBCDE = '^ AA'i^ABCD - 4Va'(_e^BCD)A 



®If signature of g is neutral, and I — then we solve for a using the cubic invariant J. If that is also zero 
then the conformal curvature is of Petrov-Penrose type A'^ or type III. 
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to show that 

Wa'ABC = ^~^{WA'ABC-'^A'Etp^ABc) and consequently K = K + T^. (4.31) 

Now use the confornial covariant derivative of one-forms 

VaVb = VaVt - TaVb " TfeK + gabT'Vc 

to find 

VaVt, + VaVb - \VcV'gab = ^ aVb + VaVb " ^VcV" 9ab + V.Tfe - T„T, + ^^a^T.T^ 

The result now follows by applying the formula for conformal transformation of the Schouten 
tensor 

Pab = Pab - ^a'^b + '^a'^b — -^9ab'^ c^'^ ■ 

We also note that no further conditions arise from contracting V^^/vr^/ = ca'B'Kic"'^'^ with 

V c'- 

Conversely, if (|4.30p holds then V[aVf,] = and Va is locally a gradient. Thus, by ()4.3ip it 
can be set to zero by a conformal rescaling of the metric. Now cxa in (|2.10p vanishes and so 
Proposition 12.11 implies that gab is conformal to an ASD Ricci-flat metric. 

D 

Finally we demonstrate that vanishing of the tensor (jl.4p arises directly from condition (j4.22p 
in Theorem 14. 11 Contracting (I4.22P with ip p and integrating by parts yields 



(^V^^. 



ABC \irD 



-epD) - i^ABCDyEE'4'''"''F]y A' " TT I V- 1' ^Fi?' ^£ A 



-\\^?PfEE'A' - \'^EE'{VFA'\i^?) + Wa'ABC^EE'V^^f) = 0- 
Dividing this expression by |V'P/2 and rearranging the remaining terms gives 

PpEE'A' + '^EE'VpA' + VfE'VeA' - 7—77 K A' ABC^ EE>'^ F = 0' 

where Ka'ABC is the Bailey-Eastwood invariant (I3.17P which vanishes as a consequence of (ll.3p 
and Proposition 13.21 Rearranging the unprimed indices on Vfe'^eA' gives Tab = 0, where Tab 
is given by (II. 4p . 

5 Examples 

LeBrun's anti-self-dual orbifolds 

Consider a two-parameter family of Riemannian metrics 
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r^dr^ + -y{al + al + fal), where / = 1 + - + -, (5.32) 



A,B are non-negative constants, and 0"i,cr2,0"3 are the left invariant one-forms on the group 
manifold SU{2) such that 

dai = CJ2 A 0-3, da2 = o"3 A (Ti, da^ = ai A 02- 
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These metrics are Kahler, with vanishing scalar curvature (therefore they are ASD [9j) for any 
constants {A,B). They arise from the sphericahy symmetric ansatz on a Kahler potential on 
an open ball in C^. If the ratio of the roots of a quadratic x'^ + Ax + i? is a negative integer k, 
then g is a metric on a holomorphic line bundle 0{k — 1) — )■ CF with negative Chern class. One 
point compactifications of these asymptotically locally flat manifolds are compact ASD orbifolds 
which arise as limits of LeBrun's ASD metrics on connected sums of CP s, where all points in 
LeBrun's hyperbolic ansatz coincide [22j. 

To look for Ricci-flat metrics in the conformal class of g we shall examine the invariants of 
Theorem 11.11 for any value of the constants A, B. We find that the one-form V is exact and 
given by 

V = d{\ii{Ar'^ + 2B)). 

The scalar invariant (jl.3p vanishes, but the second order obstruction (jl.4p is not identically zero, 
and is proportional to the metric: 

A{AB-A^) 
^ = {Ar^ + 2Br '■ ^'•'') 

This obstruction vanishes when A = 0. In this case V = 0, and g is the Ricci-flat Eguchi-Hanson 
ALE gravitational instanton. This was already noted in [21]. However T also vanishes when 



B = A'^/4. 

In this case the quartic / has a repeated root. The form of V and formula (|4.31|) gives a 
conformal factor which makes g = VL^ g Ricci-flat, and therefore hyper-Kahler. We find 

9 = (2,2 + ^)2 9- (5.34) 

Thus both g and g are scalar-flat and Kahler, and yet they are conformally related with non- 
constant conformal factor. The complex structure of g does not belong to the two-sphere of 
complex structures of y. A coordinate transformation 

1 1 

^~ 8r2 + 4A - il 

yields 

g = u{dR^ + R^{al + al)\+U~^al, where [/ = 1 - 4A 

which we recognize as the ASD Taub-NUT metric written in the Gibbons-Hawking form |13j . 
with the single-centered harmonic function on M^ given by U . 

More precisely, this is the ASD Taub-NUT metric with negative mass. In general the Kahler 
form of g given by (I5.32P is y = ^(r^crs). li B = A^ /A the rescalled two-form 

Y := n^Y 

is a conformal Killing- Yano form of ^ = ^'^g, i. e. ^(aYh\c — '^Qalh^c] fo^" some one-form 
K. Moreover *dY is the one-form generating tri-holomorphic U{1) isometry of the Taub-NUT 
spacqil 



64i?3 


.(1 


-iRA 
8R ^^ 


n^g, 


i. e. 


^{aYb)c 



''in [14] it was shown that the Taub-NUT space also admits a KiUing-Yano tensor y. This structure is different 
to the one we have unveiled as our Y is self-dual but y does not have a definite duality. However there is a relation 
between both structures as dY = dy. Therefore y = Y + dB, where B is a one-form such that dB is a closed 
conformal KiUing-Yano form. 
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Fubini Study metric 

The Fubini-Study metric on CP is Einsten, ASD and Kahler, albeit with reversed orientation. 
The ASD Weyl curvature is constant, and therefore the one-form V, and the spinor Wa'abc 
both vanish, and so the scalar invariant (jl.Sp vanishes. The tensor invariant (jl.4p reduces to the 
Schouten tensor which is a non-zero constant multiple of the metric. Thus 

and there are no Ricci-flat metrics in the Fubini-Study conformal class. 

Conformally hyper-Kahler homogeneous metric 

Consider the left-invariant metric 

g = CTo'^ + Ox' + 02 + 0-3^ 

on a four-dimensional nilpotent Lie group, with the Lie algebra specified by the Maurer-Cartan 
relations 

(icTQ = 2(To A (T3 — 0"! A 0"2 , do\ = cri A 0-3, do2 = cr2 A (T3, da-^ = 0. 

Using these relations we find that the Weyl tensor is ASD, but the Ricci tensor is non-zero. 
Calculating the obstructions of Theorem 11.11 shows that both the scalar and the tensor invariant 
vanish. Thus the metric is conformal to Ricci-flat. We also find 

V = -'-.,. 

To find the conformal factor introduce the function z on the Lie group such that a^ = d ln{z). 
The formula (|4.3ip implies that V can be set to zero if the conformal factor z^ is used. Thus 
the conformally rescaled metric 

g = z^ g (5.35) 



is ASD and Ricci-flat. We claim that this metric arises from the Gibbons-Hawking ansatz [13] 
with the linear potential. To see it, introduce local coordinates {T,x,y,z) such that 

ctq = z~ {dr + ydx), ai = z^ dx, 02 = z~ dy. 

Then the resulting ASD Ricci-flat metric is of the form 

g = U{dx^ + dy^ + dz^) + U'^idr + af, 

where the harmonic function U = z, and the one- form a = ydx satisfy the monopole equation 

*3dU = da. 



onM^ 



Conformally Kahler ASD example 

Let 



g = dx^ + dy"^ + dz^ -\ — ^—^{dr + 2xydy — xzdz)'^ . (5.36) 



1 

y'^z^ 

This ASD metric arises from a particular choice of the Abelian monopole over the hyperbolic 

3-space with its Einstein- Weyl structure [18]. The scalar invariant (11.30 does not vanish and is 

given by 

9 



16^2(^4 + z2y2+4y4 
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Thus g is not conformal to a Ricci-flat metric. The second order obstruction (jl.4p also does not 
vanish. Its anti-symmetric part Tr^^] = V^aVb] is 

dV = -—. TT^ r-iT^dy A dz. 

We note that the metric g is nevertheless conformal to a Kahler metric which can be verified by 
computing the obstructions of [12j . 

The hyperbolic ansatz and ASD metrics on connected sums of CP^s 

Examples (j5.32p with B = 0, and (j5.36p fall into the class governed by LeBrun's hyperbolic 
ansatz. Any scalar-flat Kahler metric with U{1) symmetry is locally of the form 

g = P(e"((irE2 + dy^) + dz"^) + ^{dr + af (5.37) 

where u = u{x, y, z) is a solution of the SU{oo) Toda equation 

Uxx + Uyy + (e")^^ = 0, (5.38) 

the function P satisfies the linearised SU (oo) Toda equation 

Pxx + Pyy + (Pe"),, = 0, (5.39) 

and the one-form a satisfies 

da = -Pxdy A dz - Pydz A dx - {Pe^)zdx A dy. (5.40) 

Here the U{\) action is generated by the Killing vector K = d/dr, and (x,y,z) are coordinates 
on the space of orbits of K in M: z is the moment-map generating K, and x + iy is the 
holomorphic coordinate on the leaf space in M of the foliation by JK + iK, where J is the 
complex structure on M. There is one particular solution to equation ()5.39p given hy P = Uz 
for which g is Ricci-fiat. 

Consider a solution to (|5.38p given by n = 2 log z where z > 0, and introduce the coordinate 
q = \/2z. Then (j5.37p takes the form 

g = (^{JJh^\J-^(dT^af), (5.41) 

where 

h = - 

t2 



h = ^ (dx^ + dy'^ + dq"^ 



q- 

is the hyperbolic metric, and equation (I5.39P implies that U = q^P belongs to the kernel of the 
hyperbolic Laplacian of h. The metric ()5.32p with B = (called the Burns metric) is of the 
form (I5.4ip . where U is the fundamental solution of the hyperbolic Laplace equation 

U = l + 



exp (2/9) — 1 ' 

and p is the hyperbolic distance between the point {x,y,q) and a fixed point (0,0, go) in the 

hyperbolic three-space: 

,-lfx'^+y'^ + q'^ + qo^' 

p = cosh 

V 2qqo 

Our analysis leading to (j5.33p shows that in this case the metric (j5.4ip does not contain a Ricci- 
flat metric in its conformal class. This metric is conformal to the Fubini-Study metric on CP , 



15 



so in a sense the non-vanishing of the obstruction T for the Fubini-Study metric follows from 
(I03]l . 

In |22] LeBrun has demonstrated that taking f7 to be a superposition of the fundamental 
solutions corresponding to n distinct points in the hyperbolic space gives rise to scalar-flat Kahler 
asymptotically flat metric ()5.4ip on the blow-up of C^ at n-points along a complex line. Moreover 
a conformal class of g contains an ASD metric on a connected sum of n copies of CP with 
reversed orientation. For a given collection of n points pi, . . . ,pn G H'^, let Uj = (exp {2pj) — l)~^, 
where pj is the hyperbolic distance from pj to a point with coordinates {x,y,q). Then the 
conformal class containing the ASD metric on a connected sum of n copies of CP s is represented 
by dSaH) with U = l + Y.%1 Uj. 

We claim that this conformal class does not contain a Ricci-flat metric for any n. This can 
be seen by explicitly computing the obstruction T for the given [/ - it does not vanish, but the 
resulting formulae are unilluminating. Instead we can argue by continuity: close to any of the 
points Pj the metric (I5.41|) can be approximated by the Burns metric, and (I5.33|) implies that 
the obstruction ()1.4p is approximately 

T = --g. 

Thus g does not contain a Ricci-flat metric, at least in the open sets containing the points pj. 
Alternatively, fixing a point in M, we can regard (jl.4p as a matrix valued function on the moduli 
space of LeBrun's metrics, where the moduli correspond to positions of the centres pj. In a limit 
where all pj coincide, the metric approaches ()5.32p and T 7^ 0. Thus T does not vanish in the 
neighbourhoods of the point pi = ■ ■ ■ = Pn in the moduli space. We have therefore proven 

Theorem 5.1 LeBrun's metrics on connected sums of CP are not conformally Ricci-flat on 
any open set. 

A related result have been established in [27j, where it was shown that LeBrun's conformal class 
does not contain an Einstein metric with A 7^ unless n = 1, or all points pj coincide. 

6 Neutral signature and null-Kahler structures 

If the signature of g is neutral, the Proposition (j3.2p does not hold, and all sixteen conditions 
()3.17p and ()3.18p have to vanish if there exist two linearly independent solutions to the twistor 
equation ()2.8p . and g is conformal to a Ricci-flat metric. In this Section we shall analyze the 
case where there exists only one real solution to the twistor equation. Let us first make the 
following definition [10] 



Definition 6.1 A null-Kahler structure on a 2n-dimensional manifold M is a pair {g, N) where 
g is a metric of signature (n, n) and N : TM — > TM is a rank-n endomorphism such that 

iV2 = o, g{NX,Y)+g{X,NY) = {), ViV = 

for all vector fields X^ Y on M . 

If n = 2 a null-Kahler structure can be equivalently defined by the existence of a real spinor l 
which is covariantly constant with respect to the Levi-Civita connection oig. Given such a spinor 
the endomorphism A^ is represented by A^";, = l L^'e b. The isomorphism Sym (§') = A^ 
associates a two-form E to the spinor l . This form is explicitly given by S(A, Y) = g{NX, Y). 
Therefore S is simple, i. e. S A S = 0, and parallel. The following result was established in ^Oj 
under an additional assumption that g is ASD. Here we give a general proof. 
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Proposition 6.2 A neutral signature metric g is confornial to a nuU-Kdhler metric if and only 
if there exist a real spinor i^i which satisfies a twistor equation 

^A(A'iB') = 0. (6.42) 

Proof. Dropping the symmetrisation yields 

^AA'I^B' = (-A'B'dA (6.43) 



for some spinor a a as in (j2.9p . We aim to construct a confornial factor, but the ideas behind 
the proof of Proposition 12.11 have to be modified as the formula (j2.14p does not make sense if 
there is only one real solution to the twistor equation. First note that (I6.43P implies 

i i ^ AA'l^B' = 

SO that the rank-two distribution < 5q,5i >= Ker(S) C TM is integrable. We claim that this 
is sufficient to satisfy the integrability conditions for the existence of a function (j) such that 
oiA = 5A(t^- Indeed, consider an overdetermined system uq = 5o(t)^ai = 6i(p. The Frobenius 
theorem gives 

(Jocti - 6iao = P^UA (6.44) 

for some /3 . On the other hand from (I6.43P V a'^a = 2At^/ which implies l Va' oa = 0. 
Therefore 5^aA = i^' T aa'^'^ oic which is (fOIl) with P'^ = l^'Taa'^'^- From (pTOl) it follows 
that under confornial rescallings aA = OA + ^~^i Vaa'^- Thus we chose the confornial factor 
$7 = exp (—1?^) to set ua = 0. 

D 

6.1 Null Kahler structures conformal to Einstein 

It is known that in four dimension an ASD Einstein metric with A 7^ is conformally equivalent 
to a Kahler metric if and only if it admits an isometry [12j . We shall establish an analogue of 
this result in the null-Kahler context. 

Proposition 6.3 Let g be an Einstein metric with a non-zero cosmological constant which is 
conformally equivalent to a null-Kdhler metric. Then g admits a hyper- surface- orthogonal null 
Killing vector K such that the self-dual derivative of K is proportional to the null-Kdhler two- 
form S. Morevover the conformal factor relating the Einstein and the null-Kdhler metrics is 
constant along this Killing vector. 

Proof. We shall work in the Einstein scale, where ^aba'B' = and ()2.1ip yields 

Va^B' = ^A'B'OiA, ^aOiB = Ae^^i^/ 

where a / 0, and ^abcdoi = so that i^abcd is of type A^. We also find that 

Ka = aA^A' 
is a null Killing vector because |-fCp = {oao: ){la'I^ ) = and 

VaKb = ^^ABl^A'l^B' + ^A'B'OiAOiB, 

SO the RHS is a two-form. This Killing vector is twist-free (i.e. it is orthogonal to a hyper- 
surface) as 

KaS^bKc = KeBCi'B"^C"^A'0-A + (^B'C'OiAOiBOiCf-A' 
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and {*{K A dK))a = eJ^'^'^KhVcKd = as e"*'^'^ involves contraction over a pair of primed and 
unprimed indices. 

Finally we shall demonstrate that the conformal factor in the ASD Einstein metric is Lie 
derived along the null Killing vector, and thus the null-Kahler metric also admits a null Killing 
vector (rather than a conformal null Killing vector). Indeed, if oa = l '^ AA'4'-, where exp (— 2(/>) 
is the conformal factor then 

Cxicf)) = i^' a^VAA'(t> = ot^OLA = 0. 

D 

6.1.1 ASD cosmological plane waves 

We shall now construct a class of examples of ASD Einstein metrics conformal to null-Kahler 
metrics. Any null-Kahler metric is locally given by 

g = dwdz + dydz — Q^xdz^ — Qyydw^ + IQ^ydwdz, (6.45) 

where = 0(x, y, z, w) is an arbitrary function of four variables with continuous 4th derivatives 
|10j . The null-Kahler structure is given by a parallel simple two- form S = dw A dz. The Weyl 
tensor is anti-self-dual if satisfies a 4th order PDE 

J ■ — ^wx ~r '^zy ~r ^^^xx^yy ^xy^ 

Jwx ~r Jzy ~r ^yyjxx ~r ^xxjyy ^^xyjxy — ^- (^0.4DJ 



Now impose the HSO null Killing vector condition from Proposition ()6.3p 

Cj^g = 0, g{K, K) = 0, CK{dw A dz) = 0, K A dK = 0. 

One example of such null Killing vector is given hy K = d/dy. The most general null-Kahler 

metric which admits this Killing vector is conformally equivalent to 

2 
g = —^(dwdx + dzdy + Adw — Fdz ). 
x^ 

It is a rescaling, by a factor of x~^ of the metric (j6.45p with 

yy — ' ^xy — U, f a'a; — -f, 

where -F = F{x, w, z). The conformal factor has been chosen to make the metric g Einstein with 
cosmological constant given by A. Imposing the anti-self-duality condition (|6.46|) on the Weyl 
spinor gives 

F = f{x + Aw, z) — -xf{x + Aw, z) 

where dot denotes the differentiation w.r.t the first argument. Change coordinates y = y,x = 
X — Au; so thato (dropping tildes) 

g = -7——j-^\dwdx + dzdy- \^f{x,z) - -{x - Aw)dxf{x,z)jdz'^j . (6.47) 

In the limit A = we obtain an ASD Ricci-flat plane wave. If the function / in (j6.47p does not 
depend on the coordinate z, then g admits a non-null Killing vector d/dz in addition to the 
null Killing vector. The metric g corresponding to this case has been found by Hoegner [17]. 
Hoegner has shown that the Einstein-Weyl structure [TB] on the space of orbits of d/dz in g 
is the most general Einstein-Weyl structure which is simultaneously of dKP and SU{oo) Toda 
type. 



*Wc have been informed by Adam Chudecki and Maciej Przanowski that (|6.47p is the most general local form 
of ASD Einstein metric with A 7^ which admits a null Killing vector ^ . This provides a converse to Proposition 
to (|6.3|) : An ASD Einstein metric is conformal to a null-Kahler metric if and only if it admits a null Killing vector. 
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6.1.2 Connection with projective structures 

The nuU Kilhng vector from Proposition 16.31 defines a pair of totally null foliations of M, one 
by a-surfaces and one by /3-surfaces. These foliations intersect along integral curves of K which 
are null geodesies. The /3-plane distribution is spanned by a , and it follows from the Killing 
equation that it is integrable. In |llj it was shown that there exists a canonically defined 
projective structure on the two-dimensional space of /3-surfaces U which arises as a quotient 
of M by the /3-plane rank-two distribution Ker(O) C TM. Here Q,ab = oiaoib^A'B' is the 
ASD two-form corresponding to the spinor a G r(S) under the isomorphism A?_(M) = § S. 
Recall that a projective structure is an equivalence class of connections, where two connections 
are equivalent if they have the same unparameterized geodesies. In two dimensions projective 
structures are locally the same as second order ODEs of the form 

5x^ = -^^<^"^'(5x) +-^^<^-^)(5x) ^MX,Y){^)^MX,Y). (6.48) 

The ODE is obtained by selecting local coordinates {X, Y) on U and eliminating the affine 
parameter from the geodesic equation. The functions Ai[X,Y) can be expressed in terms of 
combinations of connection coefficients. 

The normal form of the ASD conformal structure on M with a null Killing vector depends 
on whether the null vector is twisting or not. In the non-twisting case (which is relevant here) 
it is given by 



g = \dT + {ZA^-Q)dY^[dY -l3dXj-[dZ-{Z{-l3Y + Ai + l3A2 + P'A3))dX 

-{Z{A2 + 2/3 A3) + P)dy)dX, (6.49) 

where (X, Y, T, Z) are local coordinates on M such that the null Killing vector is d/dT. The 
arbitrary functions Ai,A2,A3,f3,Q,P depend on {X,Y) and the function Aq is given by 

Ao = Px+ PPy - PAi - ^^A2 - ^^As. 

To read off the projective structure from (j6.47p we disregard the the conformal factor (the 
projective structure depends only on the conformal structure) and set 

T = y, Z = —w, Y = z, X = X. 

The resulting metric is of the form ()6.49p with Ai = A2 = /3 = P = 0. The 2nd order ODE 
defining this projective structure is 

-^ = -5x/(X,y)(— ). 

The projective curvature p], ^ is 

A d^f 



2dX^ 
6.2 Outlook 



dY^{dX AdY). 



We have constructed a rank four vector bundle E ^ M with connection V such that the parallel 
sections of this connection correspond to Ricci-fiat metrics in an anti-self-dual conformal class. 
This has lead to a complete set of obstructions to the existence of a Ricci-fiat metric in a given 
ASD conformal class (Theorem [LTJ. 
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The curvature of the connection D is ASD (Proposition I4.2p , so it can be regarded as an 
ASD Yang-Mihs field. Thus, by Ward transform [30j (or its generahsation to backgrounds with 
ASD conformal curvature), E corresponds to some holomorphic vector bundle over the twistor 
space which is holomorphically trivial on the twistor curves. This holomorphic vector bundle 
can be also constructed directly from the twistor data following the related constructions of 
LeBrun ^20j and Merkulov [26j. In (2,2) signature there is an alternative approach [16j, where 
the twistor curves arise as integral curves of systems of second order ODEs with vanishing 
Wilczynski invariants. The tensor obstructions from Theorem 1 1 . 1 1 should have their counterparts 
as point invariants of the corresponding system of ODEs. Some invariants of these type under 
a more restrictive fibre preserving transformations have been found in [7]. An outstanding, and 
interesting open problem is to generalise (Theorem II. ip to the case of ASD Einstein metrics 
with non-zero scalar curvature. 
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